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Component Synthesis Method for
System Transient Responses

Y. G. Tsuei*
and
Eric K. L. Yee?
University of Cincinnati, Cincinnati, Ohio

A technique for calculating the transient responses of a system is presented. The system may be formed by
joining components through the connecting elements at the boundaries of the components. The damping
characteristics of the system are better represented because of the different damping factors that can be used in
different components. The connecting elements at the joints between substructures can be rigid, linear, and
nonlinear elements. The transient responses of the system are calculated based on the geometric compatibility
and force equilibrium equations. For the rigid and linear connecting elements at the joints, no iteration is
required, and direct marching procedures are used to calculate the responses. For nonlinear connecting elements,
the interconnecting force vectors at the joints are determined using iterative procedures, and the responses are
computed subsequently. This method is more efficient than the methods that iterate on the entire system
coordinates bécause iterations are performed only on the boundary coordinate vectors, which are usually much
smaller vectors than the entire system coordinate vectors. Numerical results indicate that the proposed method
is most suitable for systems having linear subsystems with rigid, linear, and nonlinear connectivities between
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system components.

Nomenclature

C,K, M = damping, stiffness, and mass matrices,
respectively

X, X = displacement and velocity vectors

Xy = response vector at the junction between
substructures / and J

S = force vector

fndT) = average force vector at time t = n6T and
(n — 1)éT

S = interconnecting force vector at the junction

, between substructures / and J

Jo ch" = [(f/IJ)T» (fIIL)T’ R (f:lK)T]T

L = time derivative of f

q(t), g(r) = modal coordinate vector and modal
velocity vector, respectively, in time
domain

qgi(n), gi(n) = modal coordinate and modal velocity,

respectively, of the ith mode at t = néT

= particular solution of the /th modal
coordinate and modal velocity at 1 = néT
due to the interconnecting force vector f¢
between substructures

= particular solution of the ith modal
coordinate and modal velocity at ¢t = néT
due to the external force vector fg

= homogeneous solution of the ith modal
coordinate and modal velocity at 1 = néT

qic(n), gic(n)

qie:(n), gip(n)

qin(n), Gin(n)

w; = jth natural frequency of the system
$ = modal matrix ® = [¢|,0, ... ,0x5]
o7 = transpose of modal matrix

6T = time-step increment

€ = damping factor of the ith mode

o; = ith eigenvector or modal vector
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Subscripts and Superscripts

I = superscript to indicate substructure /

1J = subscript indicates that the matrix or
vector is at the junction between
substructure I and substructure J

I. Introduction

HE method commonly used for obtaining the transient

responses of a linear dynamic system is the modal super-
position method as discussed by Meirovitch.! In this method,
the eigensolution of the system must be known before the
analysis can proceed. The eigensolution of the system can be
obtained by finite-element analysis. Computer programs such
as NASTRAN and ANSYS are widely used for this purpose.
One of the other methods for obtaining the eigensolution is by
the component modal synthesis. The component modal syn-
thesis technique has been studied by Hurty,>2 Hale and
Meirovitch,? Craig and Chang,* and Hou.’ To avoid the neces-
sity of including the complete modal set for each substructure,
transformation and approximation techniques were used by
Rubin,® Hintz,” Guyan,? Geering,’ and Kuang and Tsuei.'?
These methods also reduce the number of computations re-
quired for deriving the system eigensolution. For the nonlinear
system, the modal superposition method cannot be used. The
techniques discussed by Brock!! and Butenin'? can be utilized
to obtain the nonlinear analysis of the system. Duffing!?® and
Timoshenko and Young!* studied the methods for analyzing
the systéms with nonlinear springs. Thomson'’ presented vari-
ous approaches that can be used for solving nonlinear dy-
namic systems. Most of the methods required that the entire
dynamic matrix of the system be used during the iteration or
approximation processes.

The proposed method, which is an extension of the sub-
structure modal synthesis method presented in Yee and
Tsuei,'¢ is able to overcome the deficiencies of the modal
superposition method. The nonlinear analysis performed by
this technique, which is also discussed in Tsuei and Yee,'’
requires fewer computations than the discussed iteration or
approximation methods.
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I1. Derivation of the Substructure Transient
Response Equations

The equation of motion of a substructure can be repre-
sented as follows:

MX+CX+KX=f )

With the modal matrix &, the displacement and velocity vec-
tors X, X can be transformed to

X = dq, X =oq 2
Substituting Eq. (2) into Eq. (1), Eq. (1) becomes
MdG+ CPGg+ Kbqg =f (3)
Premultiply Eq. (3) by &7:
STMOG + ®TCPG + PTKPg = D7f ()]
With the assumption that the substructure C matrix is propor-
tional to substructure K and M matrices, Eq. (4) can be decou-
pled as
Gi + 2ewiq; + wiqi = o f, i=12,...,N ®
where N is the number of degrees of freedom in the substruc-
ture.
The homogeneous solution for Eq. (5) for t =néT is repre-
sented by Egs. (6) and (7).

qin(n)=gq;(n - Na; + g;(n ~ )b, 6)
where

a; = exp(—e;w;8T) [cos(wgidT) + €;(1 — €)= sin(w,;6T)]
b =exp(—ew;6T)w; ' sin(wy;8T)
with wy; the damped natural frequency, and

gin(n) =q;(n —1)¢; + q(n —1)d; @)
where

ci=exp(—ew;8T) ({ —e;w;[cos(wy6T)
+e(l—ed)™ '/:sin(w(,,ar)]} + {— Wi [sin(wg:6T)
— (1 —€2)~cos(wyb T)]})
di= exp(—e,-w,-ar){[ — (1 — €)™ "sin(wyg6T)] + cos(w,j,-ar)}
(), qiy(n) are the homogeneous solutions in modal coor-
dinates at time t =néT.
The responses of the system due to the external excitation

force vector fr exerted between time step (n — 1)67T <t < néT
are defined as

*ndT

qie(n) = ¢! fr(Tywg ' expl—ew;(ndT ~T)]

J(n=18T

sin[wg;(ndT —TH]dT 8)
For small 6T, Eq. (8) can be further reduced as follows:

QiE(”)IginE(n) &)
where

gl = oTw,~? {[1 —exp(—ew;6T)cos(wy;6T)]

~lei(1 =€)~ *exp( — w6 Tsin(wyi6 1)

COMPONENT SYNTHESIS METHOD FOR SYSTEM TRANSIENT RESPONSES 1795

The f:(n) is the average of external applied force vector f(I')
at time '=néT and I'=(n —1)67, and

Gie(n)=glfe(n) + g/ fe(n) (10)
where

gl =oTwy lexp(—ew;8T) sin(wy;0T)

The effect of the time derivative of applied force vector,
fe(n), is also accounted for during the modal velocity calcula-
tions.

Similarly, the responses due to the interconnecting force
vector fe between substructures are described by Eq. (11):

qic(n)=g/fe(n) an

The modal velocity ¢;-(n) can be calculated by the following
equation:

Gic(n)=glfc(n)+g7fc(n) (12)
The total responses of the substructure at f =ndT can be
written as
q(n)=gun) + qe(n) + qc(n)

X(n)=®q(n) (13)
q(n) = gu(n) + ge(n) + ge(n)
X(n) = @4(n) (14)

where f-(n) is the interconnecting force vectors between sub-
structures and f-(n) the time derivative of interconnecting
force vectors between substructures.

The unknowns in Egs. (11) and (12) are f(n) and f-(n),
which will be determined when the substructures are jointed
with other components in the system.

III. Partition of Response and Force Vectors
The response and force vectors can be partitioned as

FXMA rfu ]
Xy Ju

X!'= Sfl= (15)
:Xlk~ Lflk#

The graphical interpretation of the connecting terminology is
shown in Fig. 1.

The purpose of such a partition, which will be demonstrated
in later sections, is to facilitate the components coupling pro-
cess and to reduce the system coordinates to the joint coordi-
nates between substructures.

IV. Assembly of the System from Components

Two substructures are jointed together according to their
geometric compatibility and force equilibrium equations to
form a system. Response vectors of substructures / and J are
partitioned into subvectors according to the procedures dis-
cussed in Section III.

The compatibility and equilibrium equations for the dis-
placement vector are

Ky, [XJII _XIIJ] :fllj
flll = _ijI
fE=1 (16)
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CONNECTING ELEMENT

SUBSTRUCTURE | STIFFNESS MATRIX K\

O  INTERNAL DOF OF A INTERNAL DOF OF

SUBSTRUCTURE |, X Y

SUBSTRUCTURE J, X},

B BOUNDARY DOF OF A BOUNDARY DOF OF
SUBSTRUCTURE § AT THE SUBSTRUCTURE J AT THE
JUNCTION BETWEEN JUNCTION BETWEEN
SUBSTRUCTURES | & J, X}, SUBSTRUCTURES J & 1, X3,

Fl, INTERCONNECTING FORCE VECTOR ACTING ON THE BOUNDARY DOF X|;

Fig. 1 Tllustration of connecting terminology.

The force vector f%is reduced to f, because the substructure
J is the only substructure attached to the substructure /.

Equations (13) and (16) are simplified, and the following
equation is derived.

iy = H{@llagn) + gtm) — 8l 1ak(0 + abol} (7
where
H= {‘x’b[Glljlr‘F ®IGIT+ Ky~ 1} -
Gl =181, 8., 8l

g:is defined in Eq. (9), and K, is the stiffness matrix connect-
ing substructures 7 and J, as shown in Fig. 1.

With the f7, determined, modal coordinate vector g(n) and
the response vector X(n) for substructures can be obtained
from Eq. (13). It is noted that only substructure boundary
degrees of freedom are used in the caiculations; thus, the final
number of simultaneous equations are much reduced.

Another set of compatibility and equilibrium equations are
used to calculate the velocity of the system.

KIJ[XjI - X;J] =f;J
and
f;J: _—fjla fé‘:.gj (18)
Equation (14) is further simplified as
q'=qh + g + GV fe + 16T/

X =4 19)

where G/ = (g, 23, . . . ,&,)' and &; is defined in Eq. (10).
From Eqgs. (18) and (19), the unknown f%, is expressed as

i = H eyl + at + GV

— ), g+ gt + (G')Tfé]} 20)

The modal velocity vector ¢/ and the physical velocity vector
X' can be obtained from Eq. (19).

The procedure just discussed gives the response of each
substructure at time ¢ = n67 based on the initial conditions
and prescribed force functions at time ¢ = (n — 1)67. The
same procedure can be repeated to obtain the system responses
at time r = (n + 1)67T.
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V. Discussion of the Solution Schemes for the
Rigid, Linear, and Nonlinear Connectivities Between
System Components

The connecting element between substructures can be classi-
fied into three types, which are now discussed.

A. Rigid Connecting Element

For the rigid connections between substructures, the Kj;
term in Eqgs. (16-20) are eliminated, such that

oL oyd
XIJ - XJI

H = [#},G1)7 + &1G417]

Vi
XIJ-XII

Other than the preceding modifications, the procedures are
identical to those discussed in Section IV.

B. Linear Connecting Element

The equations and procedures discussed in Section IV are
for linear connections. Therefore, no modification is needed.

C. Nonlinear Connecting Element

The interconnecting stiffness matrix K,;; between subsystems
is nonlinear and is changed with time. The following iterative
procedures are used to calculate the system transient re-
sponses. For responses at ¢t = né7T:

Step 1: Use the K, at the previous time step f = (n — 1)67T.

Step 2: Calculate the joint force vector I, from Eq. (17).

Step 3: Obtain the displacement vectors X}, and X7, from
qu. (13) and calculate the relative displacement vector |Xj, —
Xl

Step 4: Use the calculated relative displacement vector to
obtain matrix K, from the connecting element stiffness spec-
ification.

Step 5: Compare the value K, and K;;. If the Euclidean
norm, | | K;; — K;; | |, is less than the tolerance limit, go to
step 6. Otherwise, use the following equations:

Ky =&y + Kpy)2
Ky=Ky,

Use the updated stiffness matrix K;;, and repeat steps 1-5. If
the stiffness matrix K;; does not converge after the specified
number of iterations, reduce the time step, and repeat steps
1-5.
Step 6: Calculate the ¢(n) and X(n) from Eqgs. (18-20).
Step 7: Repeat steps 1-6 for the next time step t = (n + 1)
6T.

x3

x1 x2
6y kp P k3 b

A K S XN

-~
Synthesized System
my =1 ky =1
my =5 ky =2
my =1 ky =5

ﬁ o "

Substructurc 1 Substructure 2

Fig. 2 A lumped mass-spring system and its substructures.
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VI. Numerical Results and Examples

Example 1

A three-degree-of-freedom lumped mass-spring system as
shown in Fig. 2, is analyzed. The spring K is used to connect
subsystems 1 and 2. The stiffness K is constant and is equal to
2. A step force function with magnitude 10 is exerted on
location X,. The synthesized and the close form solutions of
the system are calculated. The transient responses at the X,
location are plotted in Fig. 3. From Fig. 3, it can be seen that
the synthesis method can accurately calculate the transient
responses of a system.

Example 2

A clamped-clamped beam, as shown in Fig. 4, is analyzed.
Substructures 1 and 2 are clamped-free beams, and they are
connected by a massless beam element. Eight substructure
modes for each substructure are included for synthesis. A
force with a magnitude 10 and angular frequency of 20 rad/s
is applied at the Y, location. The system transient responses
are also derived by the modal superposition method. The
calculations of the modal superposition analysis are based on
the eight system normal modes. The transient responses at the
Y, position calculated by the synthesis and the modal superpo-
sition methods are compared and are plotted in Fig. 5.

F1=10.0, ZETA=0.0

20

DISPLACEMENT X2
]
1

1 =« CLOSE FORM
0 - SYNTHESIS

TIME IN SECOND

Fig. 3 Transient response of displacement X, due to step force func-
tion (Fx;=10) at X location.

FY1
60 CM

é<—> . §

vy hd NN

Z N

/ \

SYNTHESIZED SYSTEM
RADIUS = 1 CM 4
DENSITY = 7.8 GM/CC %,
MODULUS = 1.96E7 N/SQ CM o]
0.1 CM
F‘
n CONNECTING BEAM

60 CMT
Z N
A e ] C N
/
/
/

| 130 CM | L 170 CM |
1 bl |
SUBSTRUCTURE 1 SUBSTRUCTURE 2

Fig. 4 A clamped-clamped beam structure and its components.

FY1=10C0S207T, CLAMPED—CLAMPED BEAM, ZETA=0.0

-1

DISPLACEMENT Yy X 107 (CM)
o

—2

-3

-4

-5 T T T T

TIME IN SECOND

Fig. 5 Transient response at Yp position due to force function
Fyi1=10 cos20¢ at Y| location.

Final System

radius = 8,10 cm [r——
thickness = 0.73 cm

length = 7.50 cm
density = 7.80 gm/cc
modulus = 1.96E7 N/sq cm

Nonlinear Connecting Element

radius = 0.40 cm

length = 80.00 ¢cm

density = 7.80 gm/cc
modulus = 1.96E7 N/sq cm

C . T 1 | ] i

Cylinder Substructure Beam Substructure

Fig. 6 The antenna structure and its components.
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Fig. 7 Transient response at ¢y posiiion due to force function
Fyi =10 c0s3000¢ at Yy location.
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Example 3

An antenna structure, as shown in Fig. 6, is analyzed using
the proposed method. A massless beam element with nonlin-
ear elastic property, described in Table 1, is used to connect
substructures 1 and 2. A force with a magnitude of 10 and
frequency of 3000 rad/s is applied at the Y, location of
the system. For the cylinder substructure, nine substructure
modes are used, and these modes include three rigid-body
modes, four prismatic modes, and two nonprismatic modes.
For the beam substructure, nine substructure modes are used,
and these modes include three rigid-body modes and six flex-
ible modes. The substructure modal damping factors for the
cylinder and the beam substructures are set to 0.5%. The
responses at the ¢ position of the system are plotted in
Fig. 7. The angular strain, which is defined as abs(¢,y — ¢o)
divided by the length of the connecting element (L), is plotted
against the time in Fig. 8.

To further demonstrate the method, the modulus of elastic-
ity E of the connecting element is plotted against the angular
strain abs(¢o — ¢9)/L, at every time step, and the curve is
shown in Fig. 9. The results from the analysis indicate that, at
every time step, the relationship of the modulus of elasticity E
and the displacements of the substructures satisfy the given
nonlinear connecting element specifications in Table 1. This
validates the nonlinear analysis of the antenna structure.

NONLINEAR CONNECTION BETWEEN SUBSYSTEMS
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Fig. 8 Transient response of the angular strain, ([¢10—¢¢|)/L, due
to force function Fy; =10 cos30007 at Y; location.
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Fig. 9 Modulus of elasticity (£) vs angular strain, (j¢10—¢9])/L,
due to force function Fy;=10 cos3000r at Y, location.
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Table 1 Specification of a nonlinear connecting element
radius R =0.40 cm
length L =0.10 cm
area A =0.50265 cm?
inertia I = 0.020106 cm*
modulus  E = 1.0 x 107 + (1.0 x 10Y6)(] 10— ¢9 | )/L N/cm?
K matrix
EA/L 0 0
K=l 90 12EI/L3  —6EI/L?
0 ~6EI/L2 4EI/L

VII. Conclusion

A method for calculating the transient responses of a system
is presented. The method is an extension of the component
modal synthesis method and can be used for the linear and
nonlinear dynamic systems. Its advantages are summarized as
follows:

1) The eigensolutions and damping factors of the synthe-
sized system are not required.

2) The calculation is based on the substructure modal
parameters. For a given set of substructure modes, this pro-
vides an efficient method to synthesize the transient response
of a system.

3) The damping factors for each component of the system
can be defined independently. Thus, the damping of the sys-
tem can be better represented than in the modal superposition
method.

4) The method condenses the system coordinates to the
physical degrees of freedom at the joint locations between
substructures, and the other system coordinates can be recov-
ered by simple multiplication.

5) For the system without any nonlinearity, the matrix / in
Egs. (17-20), a@; and b; in Eq. (6), and ¢; and d; in Eq. (7) are
required to be calculated only once. Responses at each time
step are calculated by simple marching procedures.

6) The eigenvalues and eigenvectors of the substructures can
be stored in the computer, and a new system configuration can
be readily formed.

7) Nonlinear connecting elements between system compo-
nents can be included for analysis. In such cases, iteration is
performed on the coordinate vectors at the boundaries be-
tween substructures. This is much more efficient than the
methods that iterate on the entire system coordinates.

8) The method is readily applied for the parametric study of
the transient responses of a system.

Several structures are analyzed, and three examples are
chosen for discussion. Numerical results indicate that the sug-
gested method is most suitable for the systems that can be
divided into subsystems with linear and nonlinear connecting
elements between substructures.

It should be noted that the iteration procedures described
previously can be further improved. For a system with many
nonlinear connecting elements, a more sophisticated matrix
convergence procedure should be used. Some of these proce-
dures are discussed in Young'® and Varga.'®
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